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Abstract
We construct gray soliton configurations, which move at constant speeds, in holographic super-
fluids for the first time. Since there should be no dissipation for a moving soliton to exist, we
use the simplest holographic superfluid model at zero temperature, considering both the standard
and alternative quantizations. For comparison purpose, we first investigate black solitons in the
zero temperature holographic superfluids, which are static configurations. Then we focus on the
numerical construction of gray solitons under both quantizations, which interpolate between the
(static) black solitons and sound waves (moving at the speed of sound). Interestingly, under the
standard quantization, a peculiar oscillation of the soliton configurations is observed, very much
resembling the Friedel oscillation in fermionic superfluids at the BCS regime. Some implications
and other aspects of the soliton configurations are also discussed.
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I. INTRODUCTION AND MOTIVATION
AdS/CFT correspondence states that a gravitational system in the anti-de Sitter space is
dual to a conformal field theory on its conformal boundary, realizing the so-called holographic
principle[1–3]. The main application of AdS/CFT, or holography, is that it can be used to
explore strongly coupled quantum systems, which are outside the reach of conventional
perturbative techniques. There are many papers that have applied this correspondence to
various condensed matter systems with strong interaction, for example [4–6]. There are
also some papers[7–10] that have investigated the features of superfluid, such as turbulence,
by means of this correspondence. In applied AdS/CFT, an Abelian Higgs model in the
background of an AdS black hole[11, 12] that exhibits spontaneous breaking of the bulk
U(1) symmetry has been extensively studied. Due to the principle of AdS/CFT, this broken
U(1) symmetry is global on the boundary, so it is more appropriate that one identifies these
models as superfluids[13–17]. There are some interesting objects in superfluids, such as
vortices and solitons. In [18–22], vortex solutions are studied using the holographic model in
[11] (the HHH model). A dark (bright) soliton is an interface of reduced (increased) particle
number density between two superfluid phases (for a review, see [23]). Black solitons, which
are static dark solitons, in holographic superfluids have been studied in [24, 25]. However,
the more general dark solitons, which move at constant speeds and are called gray solitons,
as well as bright solitons have not been constructed in holographic models.
In this paper, we are interested in holographic dark soliton solutions at zero temperature,
including the static black solitons and the gray solitons moving at constant speeds. This
zero temperature holographic setup is realized by an Abelian Higgs model in the AdS soliton
background[32], instead of the AdS black hole in [11, 12] for the finite temperature case.
Our major motivations to consider the zero temperature holographic superfluids are two-
fold. First, it is well known that in fermionic cold atom systems there are two types (or two
mechanisms) of superfluidity, i.e. the BEC superfluidity and the BCS superfluidity, with
a crossover (called the BEC-BCS crossover) in between[35, 36]. With the Bogoliubov-de
Gennes (BdG) equations as a mean field description of the fermionic superfluidity, black
soliton configurations in these two types of superfluids are shown to have a salient difference
in the (particle number) density depletion at their centers[30]. In the finite temperature
holographic superfluids, the authors of [24] have investigated the density depletion at the
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centers of the black solitons under two types of quantizations, i.e. the standard quantization
and alternative quantization, of the bulk scalar field and argued that these two types of
quantizations correspond to the BCS-like and BEC-like superfluids, respectively (see also
[31]). However, the BdG analysis in [30] is at zero temperature, and it is numerically
difficult to make the temperature of the HHH model used in [24] low enough, which renders
the argument of the correspondence between different quantizations and different types of
superfluids limited. In order to avoid this limitation, we directly use the zero temperature
holographic setup.
Next, since there is dissipation when local structures are traveling in finite temperature
(holographic) superfluids[7], moving “solitons” are not expected to preserve their shape under
such backgrounds, i.e. we cannot obtain the constantly traveling gray soliton configurations,
which is more interesting than black solitons in many aspects. But just like the gray soliton
solution to the (zero temperature) Gross-Pitaevskii (GP) equation[37–39], as will be shown
in this paper, we can construct gray soliton solutions in the zero temperature holographic
superfluids instead. Having these holographic gray solitons at hand, one can extend the
study of the holographic BEC-like and BCS-like behaviors mentioned above and the stability
of holographic black solitons to the more general cases[34]. One can even investigate the
collision of two or more holographic gray solitons and other dynamical properties of them.
The paper is organized as follows. In the next section, we introduce the zero temperature
holographic superfluid model. In Sec.III, we first present the black soliton solutions under
both quantizations at different chemical potentials. Then we study the density depletion of
the black solitons and show the holographic BEC-like and BCS-like behaviors at different
quantizations. In Sec.IV, with the help of a “comoving” frame, we construct the gray soliton
solutions at different speeds of traveling and investigate their (particle number) density
profiles. As one of the key features of gray solitons, we show that the (gauge invariant) phase
differences between the condensates on their two sides are not equal to pi, in contrast to the
case of black solitons, which have phase differences exactly equal to pi. Actually, the obtained
gray soliton configurations perfectly interpolate between the (static) black solitons and sound
waves (moving at the speed of sound). Unexpectedly, for both black solitons and gray
solitons under the standard quantization, we can observe peculiar oscillatory behaviors of
their configurations, which very much resemble the Friedel oscillation in fermionic superfluids
at the BCS limit, further supporting the correspondence proposed by [24]. In the end, we
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draw our conclusions and have some discussions.
II. HOLOGRAPHIC SETUP
In this section, we present the holographic model for zero temperature superfluids. The
action is based on the Abelian Higgs model[11, 12] that is given by
S =
1
16piG
∫
M
d4x
√−g
(
R +
6
L2
+
1
e2
Lmatter
)
. (1)
Here G is Newton’s constant, and the Lagrangian for matter fields reads
Lmatter = −1
4
FabF
ab − |DΨ|2 −m2 |Ψ|2 , (2)
where D = ∇ − iA, F = dA, with ∇ the covariant derivative compatible to the metric. e
and m are the charge and mass of the complex scalar field Ψ, respectively. To make the
model easier, we will work in the probe limit, namely the limit that the backreaction of the
matter fields onto the bulk spacetime is neglected. In what follows, we will take the units
in which L = 1, 16piGe2 = 1. We just focus on the action of the matter fields which reads
S =
∫
M
d4x
√−g
(
−1
4
FabF
ab − |DΨ|2 −m2 |Ψ|2
)
. (3)
In AdS/CFT, a bulk spacetime with a black hole corresponds to a boundary system at
finite temperature, with the Hawking temperature of the black hole corresponding to the
temperature of the boundary system. But here we would like to investigate the superfluid
model under the AdS soliton background[28, 29, 32], which implies the temperature of the
holographic superfluids is zero. The metric of the (1+3)D AdS soliton spacetime in the
Schwarzschild coordinates, which is just a double Wick rotation of the Schwarzschild-AdS
black brane, reads
ds2 =
1
z2
[
−dt2 + dz
2
f(z)
+ dx2 + f(z)dξ2
]
. (4)
Here f(z) = 1 − ( z
z0
)3 with z = z0 the tip where our geometry caps off and z = 0 the AdS
boundary. In order to make the geometry smooth at the tip, we are required to impose
the periodicity 4piz0
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onto the ξ coordinate. With the help of the scale invariance[12] and for
numerical simplicity, we shall set z0 = 1.
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Variation of the action gives rise to the equations of motion for the matter fields, which
can be written as
∇aF ab =i[Ψ∗DbΨ−Ψ(DbΨ)∗], (5)
0 =DaD
aΨ−m2Ψ. (6)
The asymptotical behavior for the bulk fields near the AdS boundary goes as[12, 13]
Aµ = aµ + bµz + · · · , (7)
Ψ = Ψ−z∆− + Ψ+z∆+ + · · · . (8)
The mass of scalar field is related to the conformal dimension ∆ of the condensate as
∆± = 3/2 ±
√
9/4 +m2 [26] in four dimensional bulk spacetime. The condition m2 ≥
−9/4 for ∆ to be real is known as the Breitenlohner-Freedman (BF) bound[27]. We set
m2 = −2 for numerical simplicity in this paper, namely ∆− = 1 and ∆+ = 2. In this
case there are two choices for the source[12], which are called the standard quantization and
the alternative quantization, respectively. According to the holographic dictionary, we can
obtain the vacuum expectation of the operators on the boundary as
〈jµ〉 = δSonshell
δaµ
= bµ, (9)
〈O±〉 = δSonshell
δΨ∓
= ±Ψ∗±. (10)
Here jµ is the conserved current on the boundary, corresponding to the conserved parti-
cle number of the boundary system. Particularly, jt is the particle number density and
at = At|z=0 the chemical potential conjugate to the conserved particle number. The vac-
uum expectation value of the scalar operator 〈O±〉 is interpreted as the condensate in the
holographic superfluid model. The choice of Ψ− or Ψ+ as the source corresponds to the
standard or alternative quantization, respectively. If the condensate (or order parameter in
the language of Ginzburg-Landau phase transition) is not zero when the source is turned
off, the U(1) symmetry is spontaneously broken and the boundary system is in a superfluid
phase, otherwise it is in a normal phase. For an equilibrium holographic superfluid, where
the configuration is independent of x and ξ, investigation of this phase transition leads to a
critical chemical potential µc (see [29] for the specific case considered here) for each of the
quantizations, beyond which the system will be in the superfluid phase.
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In the following, we will focus on the superfluid phase, i.e. the chemical potential µ is
above µc, and consider the configuration that is inhomogeneous in the x direction. For the
sake of solving the equations of motion above, we should first choose the axial gauge Az = 0
for the U(1) gauge fields. For simplicity, we assume that the non-vanishing bulk fields are
Ψ := zψ, At and Ax, which do not depend on the coordinate ξ. Therefore, the equations of
motion become
0 =∂2t ψ +
(
z + A2x − A2t + i∂xAx − i∂tAt
)
ψ + 2iAx∂xψ − 2iAt∂tψ − ∂2xψ
+ 3z2∂zψ +
(
z3 − 1) ∂2zψ, (11)
0 =∂2tAx − ∂t∂xAt − i (ψ∂xψ∗ − ψ∗∂xψ) + 2Axψψ∗ + 3z2∂zAx
+
(
z3 − 1) ∂2zAx, (12)
0 =
(
z3 − 1) ∂2zAt + 3z2∂zAt − ∂2xAt + ∂t∂xAx + 2Atψψ∗
+ i (ψ∗∂tψ − ψ∂tψ∗) , (13)
0 =∂t∂zAt + i (ψ∂zψ
∗ − ψ∗∂zψ)− ∂z∂xAx, (14)
where the third one can be taken as the constraint equation.
III. BLACK SOLITONS
Now we study the black soliton structure in the zero temperature holographic model.
Without loss of generality, we assume that the inhomogeneous direction of the soliton con-
figuration is the x direction. There is a density depletion at some positions between two
superfluid phases, where it produces the black soliton structure with the order parameter
changing sign across the interface. Therefore, the matter fields are functions of both x and
z for (static) black solitons. Namely, ψ = ψ (z, x), At = At (z, x) and Ax = Ax (z, x). We
further recast the complex scalar field ψ in the form ψ (z, x) = φ (z, x) exp [iϕ (z, x)]. Then
7
we substitute ψ, At and Ax into equations (11) to (14) and obtain the following equations:
0 =
(
z + A2x − A2t
)
φ− 2Axφ∂xϕ− ∂2xφ− φ (∂xϕ)2 + 3z2∂zφ
+
(
z3 − 1) [∂2zφ− φ (∂zϕ)2] , (15)
0 =φ∂xAx + 2Ax∂xφ+ 2 (∂xφ) ∂xϕ+ φ∂
2
xϕ+ 3z
2φ∂zϕ
+
(
z3 − 1) [2 (∂zφ) ∂zϕ+ φ∂2zϕ] , (16)
0 =− 2φ2∂xϕ+ 2Axφ2 + 3z2∂zAx +
(
z3 − 1) ∂2zAx, (17)
0 =
(
z3 − 1) ∂2zAt + 3z2∂zAt − ∂2xAt + 2φ2At, (18)
0 =2φ2∂zϕ− ∂z∂xAx. (19)
Because we are looking for static soliton solutions, the currents in the holographic system
should be zero. The RHS of (5) is zero, namely jx = 0 = jz, so we have
∂zϕ = 0 (20)
∂xϕ = Ax (21)
With the constraint conditions above, (19) and (17) are satisfied automatically. Moreover,
we can choose the gauge Ax = 0, to fix the local U(1) symmetry. And then we only need to
choose ϕ = 0 to fix the global U(1) symmetry. As a result, the equations of motion (15) to
(19) will be simplified as
0 = (z − A2t )φ− ∂2xφ+ 3z2∂zφ+ (z3 − 1)∂2zφ (22)
0 = (z3 − 1)∂2zAt + 3z2∂zAt − ∂2xAt + 2φ2At (23)
In the following, we shall numerically solve these nonlinear differential equations by means
of the pseudospectral method[29] and Newton-Raphson iteration.
Ideally, the size of the system in the x direction should be infinite. However, a cutoff
is needed to impose for numerical treatments. Consider a box of size 1 × 2L (L is much
larger than the healing length of black solitons, so that further increasing L will not affect
the structure of black solitons) in the z and x directions. Moreover, there are two kinds of
boundary conditions that can be imposed to these equations, corresponding to standard and
alternative quantizations, respectively. For the standard quantization, we choose Ψ− to be
the source. Therefore, the boundary conditions are ψ = 0 and At = µ at z = 0. As a result,
the order parameter of superfluid is Ψ+ = ∂zψ at z = 0. For the alternative quantization,
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Figure 1. The bulk configurations of the fields φ (z, x) (left panel) and At (z, x) (right panel) for
µ = 5.5
the source is taken as Ψ+. The boundary condition at z = 0 is then ∂zψ = 0 and At = µ.
As a result, the order parameter of superfluid is 〈O〉 |z=0 = ψ. Taking into account these
boundary conditions, we apply the Chebyshev and Fourier pseudospectral methods[29] and
Newton iteration to solve the equations. In addition to these boundary conditions in the
z direction, we still need the Neumann boundary conditions in the x direction, which are
written as ∂xψ = 0 and ∂xAt = 0 at both x = L and x = −L.
For standard quantization and the chemical potential µ = 5.5, we present the numerical
results of the bulk field configurations in Fig.1. The order parameter and density as functions
of x are shown in Fig.2. The asymptotical behavior for At in the AdS boundary is written
as At = µ− ρz. Thus we can read off the charge density as ρ = −∂zAt|z=0.
Fig.2 (right panel) shows that there is a density depletion around the centers of the black
solitons. As well, the order parameter is zero at the center and dramatically changes around
the center. Far away enough (much larger than the characteristic scale set by the so-called
healing length) from the cores of the black solitons, the order parameter is homogeneous.
For the alternative quantization, we show the numerical results of the bulk field config-
urations in Fig.3. The order parameter and particle number density as functions of x are
shown in Fig.4.
We note that the density depletion at the soliton core is much deeper in Fig.4 than that
in Fig.2. In order to see it more clearly, we present the normalized density profiles in Fig.5.
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Figure 2. The order parameter (left panel) and particle number density (right panel) with respect
to x for µ = 5.5
Figure 3. The bulk configurations of the fields φ (z, x) (left panel) and At (z, x) (right panel) for
µ = 5.5
We also show the density depletion fraction with respect to the chemical potential (in units
of its critical value) in Fig.6 to clarify the difference between the two quantizations. And
also ρhomo represents the particle number density in the homogeneous superfluid.
It is interesting to note that the density depletion for holographic solitons is strongly
dependent on which type of quantization we choose. In [30], it is shown that the density
depletion fraction for solitons from the BdG equations (at zero temperature) is related to
whether the system is BEC-type (large depletion) or BCS-type (small depletion). In Fig.6,
we note that the density depletion fraction is larger for the alternative quantization than
the standard one. In particular, it can be seen that under the large µ/µc limit the fraction
10
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Figure 4. The order parameter (left panel) and particle number density (right panel) with respect
to x for µ = 5.5
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Figure 5. The normalized density profile (µ = 5.5) for the standard quantization (left panel) and the
alternative quantization (right panel). The values at the soliton cores are 0.572606 and 0.0866772
for the standard and alternative quantizations, respectively.
ρmin/ρhomo tends to a constant finite value (≈ 0.6) for the standard quantization while it
seems to approach zero or some value smaller than 0.1 for the alternative case. Here the
relative chemical potential µ/µc comes into play because this holographic superfluid model
has an extra scale (fixed as z0 = 1 in our discussion) instead of a temperature and the large
µ/µc limit just means that this extra scale becomes unimportant enough to be neglected,
in order not to spoil our comparison with the discussion in [30]. Therefore, we see that the
holographic superfluids at the standard and alternative quantizations resemble the BCS-type
and BEC-type fermionic superfluids, respectively, consistent with the proposal in[31].
Under the standard quantization, there is another interesting feature of the black soliton
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Figure 6. The specific value of density ρmin/ρhomo with respect to the relative chemical potential
µ/µc for the standard (black dashed) and alternative (red dashed) quantizations.
solutions. Peculiar fluctuations, weak but identifiable, appear around the edges of cliffs
of the order parameter and density profiles. In order to further explore the fluctuations,
we zoom in on the order parameter and density profiles and present the results in Fig.7
and Fig.8, respectively. These fluctuation behaviors reminds us the Friedel oscillation in the
black soliton configurations in the BCS regime of fermionic superfluids[30], which stems from
the fact that there are two length scales, the length scale k−1F corresponding to the Fermi
momentum and the coherence length of Cooper pairs, in the BCS-type superfluids. In our
case, it is also likely that the fluctuation behaviors result from the interference of two length
scales. Moreover, no such fluctuation can be observed under the alternative quantization,
even after we zoom in on the order parameter and density profiles, as shown in Fig.9. All
these facts appear to be consistent with the proposal in [24]. Additional discussions on the
holographic BCS-like configurations can be found in Appendix A.
IV. GRAY SOLITONS
Then we will investigate non-static local structures in superfluids, namely gray solitons,
which are really new in the context of holography. In the zero temperature (holographic)
superfluids, gray solitons will keep traveling at constant speeds with their shapes exactly
preserved.
12
0.2 0.4 0.6 0.8
x0
1
2
3
4
5
6
<O >
0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6
x6.30
6.35
6.40
6.45
6.50
6.55
<O >
1.0 1.5 2.0 2.5 3.0 3.5
x6.42
6.44
6.46
6.48
6.50
6.52
6.54
<O >
3.5 4.0 4.5 5.0 5.5 6.0
x
6.4316
6.4317
6.4318
6.4319
<O >
Figure 7. The magnified order parameter, at µ = 5.5, as a function of x from 0 to 6 (half plot of
the box) under the standard quantization. It is clearly shown that they have fluctuations.
In order to obtain such kinds of solutions, we take the following useful trick: transforming
the original coordinates into the comoving coordinates with respect to a gray soliton. As a
result, the gray soliton is static for us in these comoving coordinates. Specifically,
x′ = x− vt,
ψ (z, t, x)→ ψ (z, x′) ,
At (z, t, x)→ At (z, x′) , (24)
Ax (z, t, x)→ Ax (z, x′) ,
where v is the velocity of the gray soliton, x′ is the comoving coordinate and x is the original
coordinate (reference frame of the superfluid background).
Then we decompose the complex scalar field ψ into its real part and imaginary part,
namely ψ (x− vt, z) = a (x− vt, z) + ib (x− vt, z). Finally the equations of gray solitons
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Figure 8. The magnified particle number density, at µ = 5.5, as a function of x from 0 to 6 (half
plot of the box) under the standard quantization. It is clearly shown that they have fluctuations.
are written as
0 =
(
v2 − 1) ∂2xa+ a (z + A2x − A2t )− b (v∂xAt + ∂xAx)− 2Ax∂xb− 2vAt∂xb
+ 3z2∂za+
(
z3 − 1) ∂2za, (25)
0 =
(
v2 − 1) ∂2xb+ a (v∂xAt + ∂xAx) + b (z + A2x − A2t )+ 2Ax∂xa+ 2vAt∂xa
+ 3z2∂zb+
(
z3 − 1) ∂2zb, (26)
0 =v2∂2xAx + v∂
2
xAt + 2b∂xa− 2a∂xb+ 2Ax
(
a2 + b2
)
+ 3z2∂zAx
+
(
z3 − 1) ∂2zAx, (27)
0 =
(
z3 − 1) ∂2zAt + 3z2∂zAt − ∂2xAt − v∂2xAx + 2At (a2 + b2)+ 2va∂xb
− 2vb∂xa, (28)
0 =− v∂z∂xAt + 2a∂zb− 2b∂za− ∂z∂xAx, (29)
where the last one can be taken as the constraint equation.
We still impose the same boundary conditions on the equations above as in the black
soliton case for ψ and At. And we set Ax|x=±L = 0. The most technical step is to fix the
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Figure 9. The magnified order parameter under the alternative quantization with the chemical
potential µ = 5.5. It can be seen that the order parameter monotonously increases in the x
direction.
U(1) gauge. First, we still use the gauge Az = 0. In addition, we will set Ax (z = 0) = 0,
which makes the local U(1) gauge fixed. Next, we need to fix the global U(1) gauge by
imposing the condition a = 0(where z = 1, x = 0). Here we also investigate the gray soliton
solutions under the standard and alternative quantizations separately.
First of all, we present the condensate and particle number density of gray solitons with
different speeds under the standard quantization, which are shown in Fig.10 and Fig.11.
We can see in Fig.10 that the configuration just becomes the black soliton when the
speed is zero, and that the depletion of the condensate at the soliton core becomes small
with the increase of speed. Eventually, the condensate distribution becomes homogeneous
when the soliton speed approaches the speed of sound (1/
√
2 ≈ 0.707 for the standard
quantization[28]), since in this case the moving gray soliton becomes a sound wave, which
should actually be a linear perturbation. Meanwhile, the analogous tendency arises in the
density distribution, as shown in Fig.11. Similarly, it becomes homogeneous when the soliton
speed reaches the speed of sound. Most importantly, the peculiar fluctuations similar to the
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Figure 10. The order parameter |〈O〉| distributions at different speeds (v = 0, 0.2, 0.4, 0.6, 0.66, 0.7)
of gray solitons with the chemical potential µ = 5.5 at standard quantization. The values of |〈O〉|x=0|〈O〉|x=6
are in sequence 0, 0.0443334, 0.204758, 0.644198, 0.897435, 1 with the increasing velocities.
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Figure 11. The distributions of particle number density at different speeds (v = 0, 0.6, 0.66, 0.7) of
gray solitons with the chemical potential µ = 5.5 at standard quantization. The values of ρx=0ρx=6 are
in sequence 0.572601, 0.74807, 0.915534, 1 with the increasing velocities.
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black soliton case also occur in the general gray soliton case, and they become even more
remarkable when the soliton speed increases. This enhancement of the Friedel-like oscillation
is probably due to the fact that the oscillation amplitude is less sensitive to the change of
the soliton speed than the depletion of the soliton configurations are, while in the zero or low
speed case the steep variation of the soliton configuration tends to overwhelm the Friedel-
like oscillation. Additional discussions on these BCS-like configurations can be found in
Appendix B.
It is well known that the phase difference between the condensates on the two sides of
a black soliton is pi, which is not the case for gray solitons. For the purpose of verifying
the gray soliton configurations above, we investigate the gauge invariant phase differences
with respect to the soliton speeds. This gauge invariant phase difference is written as
θ|L−L −
∫ L
−LAxdx, where θ is the argument of the order parameter of a gray soliton. We
present the phase differences and phase distributions in Fig.12 and Fig.13, respectively.
As can be seen from Fig.12 and Fig.13, the absolute value of the phase difference is ap-
proximately pi when the speed is 0.001, which exactly indicates that the solution becomes
a black soliton when the speed is very small. Then the absolute value of the phase dif-
ference becomes smaller and smaller when the soliton speed increases. When the soliton
speed approaches the speed of sound, the phase difference tends to zero and the phase
of the condensate is actually a constant. All these features are expected for gray soliton
configurations.
Then we will present the gray soliton solutions under the alternative quantization. The
condensate and particle number density are studied as in the case of standard quantization
and shown in Fig.14 and Fig.15.
It can be seen that there is no fluctuation around the edges of cliffs of the condensate
and density profiles at alternative quantization. The results are consistent with the proposal
that the holographic superfluid under the alternative quantization is a BEC-like superfluid.
While the speed of sound is 1/
√
3 ≈ 0.577[28] in the case of alternative quantization.
Again, we also present the phase differences and phase distributions for gray solitons
under the alternative quantization in Fig.16. The qualitative behavior of them is the same
as in the case of standard quantization.
For comparison with the black soliton case, we also present the density depletion of the
gray solitons under both quantizations in Fig.17. It is obvious that the value of ρmin
ρhomo
for the
17
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Figure 12. The phase differences at different speeds, under the standard quantization with the
chemical potential µ = 5.5.
standard quantization is in general larger than that for the alternative one. Moreover, the
difference of density depletion for the two quantizations becomes smaller when the soliton
speed increases.
V. SUMMARY AND DISCUSSION
For the zero temperature holographic superfluid model, we have numerically solved the
spatially inhomogeneous equations of motion to obtain the black and gray soliton solutions
under both the standard and alternative quantizations, and have investigated in detail var-
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Figure 13. The distributions of phase at different soliton speeds, under the standard quantization
with the chemical potential µ = 5.5.
ious aspects of these holographic superfluid solitons.
The simplest such solitary solutions are the black solitons, which are static superfluid
structures. After having constructed the holographic black soliton solutions, we focus on
the particle number density depletions at the centers of the solitons for the standard and al-
ternative quantizations at different chemical potentials, especially the limit of large chemical
potential. As a result, we find that the density depletion is much larger under the alternative
quantization than that under the standard one. Our holographic model is a genuine zero
temperature superfluid system, so this result acts as a strong support for the correspondence
between different quantizations in holography and different types of fermionic superfluids
proposed in [24]. Specifically, the alternative quantization corresponds to a BEC-like su-
perfluid, while the standard quantization corresponds to a BCS-like superfluid. Moreover,
under the standard quantization there are extra fluctuations, compared to the alternative
case, in the black soliton configurations, which resemble the Friedel oscillation in the case
of BCS superfluids and further support the above proposal.
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Figure 14. The condensate distributions at various soliton speeds (v = 0.001, 0.2, 0.5, 1/
√
3) under
the alternative quantization whith the chemical potential µ = 1.4. The values of |〈O〉|x=0|〈O〉|x=20 are in
sequence 0.000959, 0.200329, 0.73415, 1 with the increasing velocities.
Then we have investigated the more complicated solitary solutions, the gray solitons,
which keep moving at constant speeds. It is shown that these solutions perfectly interpolate
between the (static) black solitons and sound waves (moving at the speed of sound). We also
find that the density depletion is evidently larger under the alternative quantization than
that under the standard one at general soliton speeds. The Friedel-like oscillation under the
standard quantization is even more remarkable in the gray soliton case, probably because
the oscillation amplitude is less suppressed at higher soliton speed than the condensate
variation itself. Finally, we have computed the gauge invariant phase differences between
the condensates on the two sides of our holographic gray solitons and verified that these
configurations do have all the expected features of gray solitons.
For simplicity, we do not consider the backreaction of the matter fields onto the bulk
geometry in our holographic superfluid model. But for a full holographic duality, such back-
reaction should be taken into account[12]. It is known that black solitons at finite temper-
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Figure 15. The density distributions at various soliton speeds (v = 0.001, 0.2, 0.5, 0.57) under the
alternative quantization with the chemical potential µ = 1.3. The values of ρx=0ρx=20 are in sequence
0.140459, 0.176112, 0.641066, 1 with the increasing velocities.
ature are unstable against the so-called self-acceleration and snake instabilities, so a natual
question is whether it is also the case for the black and gray solitons at zero temperature[34].
It will be also interesting to investigate the collision dynamics of holographic gray solitons.
In order to do that, one has to transform the gray soliton solution obtained here in the
comoving frame back to the original frame, manage to combine two or more gray solitons
as an initial configuration, and then perform the numerical time evolution similar to that in
the black hole backgrounds[7, 9, 10]. These topics are left for future exploration.
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Appendix A: Fitting of the holographic BCS-like black soliton configurations
We have tried to fit the order parameter and density profiles under the standard quan-
tization with some test functions, as shown in Fig.18. The fitting function for the or-
der parameter is 6.43266 tanh (x/0.562785) + e−(0.884565x)
2
sin (x/1.3096), where 6.43266
is the condensate for a homogeneous solution with the same chemical potential, and
0.562785 is the healing length of the soliton. The fitting function for the charge den-
sity is −3.66259sech2 (x/0.676006) + 8.55664 + e−(0.802144x)2 sin2 (x/1.94947), where 0.676006
is the healing length of the soliton, and 3.66259 is the charge density depletion. One remark-
able difference, compared to the result in [25], is that both fitting functions have additional
terms, reflecting the fluctuation behaviors.
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Figure 19. The fitting results, at µ = 5.5, for the density with different speeds under the standard
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Appendix B: Fitting of the holographic BCS-like gray soliton configurations
For the sake of presenting the fluctuations in detail, we have tried to fit the particle
number density by functions. The result is shown in Fig.19.
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